We examine an Unruh-DeWitt particle detector which couples linearly to the scalar density of a massless Dirac field on the static cylindrical quotient of the (1+1)-dimensional Minkowski spacetime, allowing the detector's motion to remain arbitrary and working to leading order in perturbation theory. We show that the detector's response distinguishes the periodic and antiperiodic spin structures, and the zero mode that is present for periodic spinors contributes to the response by a state-dependent but well defined and controllable amount.
Introduction
Model particle detectors are important mathematical tools used to explore the properties of quantum fields in flat and curved spacetimes. These detectors, known in the literature as UnruhDeWitt (UDW) detectors, originate in the work of Unruh and DeWitt to analyse the response of a uniformly accelerated atom in Minkowski spacetime Refs. 1, 2. They have been widely used to analyse effects due to observer motion and spacetime kinematics, including the Hawking radiation emitted by black holes (see Refs. 3, 4, 5, 6, 7, 8, 9 for a small selection of references).
In this paper, we analyse an UDW detector which couples linearly to the scalar density of a massless Dirac field on the static cylindrical quotient of the (1 + 1)-dimensional Minkowski spacetime, allowing the detector's motion to remain arbitrary, to leading order in perturbation theory. We compute explicit expression for the response functions for the inequivalent spin structures which exhibit no infrared divergence for arbitrary detector's motion along the cylinder, assuming smooth switching.
The main theoretical reasons for considering this model spacetime is firstly because on the cylinder we have two inequivalent spin structures. We want to find out whether our detector distinguish between the two spin structures. Secondly, the untwisted spin structure contains a mode with vanishing frequency known as a zero mode which does not have a Fock vacuum. We resolve this ambiguity by treating the zero mode as a state with two Fermi degrees of freedom. We then show that the zero mode contributes to the periodic spin structure response by a statedependent but well defined and controllable amount.
Throughout we use units in which = c = 1, and we work in two-dimensional Minkowski spacetime with signature (+−), where the minus direction is spacelike. We will replace (t, x 1 ) ≡ x whenever we find it more convenient.
Background
In this section we describe an UDW detector coupled linearly to the scalar density of the Dirac field of the form ψψ, where ψ satisfies the Dirac field equation, and where the Dirac adjoint field is defined as ψ ≡ ψ † γ 0 . This model is that of an idealized atom with a set of energy eigenstates {|E 0 , |E 1 } and which is constrained to move along some prescribed classical trajectory: t = t(τ ), x 1 = x 1 (τ ), where τ is the detector's proper time. The field is weakly coupled to the detector via the interaction Hamiltonian
where c is a coupling constant, χ is a smooth switching function of finite duration, and m is the detector's monopole moment operator. Working to leading order in perturbation theory, the detector's transition probability is proportional to the response function, given by
where the transition energy, Ω = E 1 − E 0 , is such that Ω > 0 corresponds to excitation while Ω < 0 corresponds to de-excitation. The two-point correlation function, assuming that the initial field state is prepared in a (1+1) vacuum state with respect to Minkowski time translation denoted by 0 , is
Knowledge of this two-point correlation function is required in order to obtain an explicit expression for the detector response function.
Discrete Dirac Field Modes for Twisted and Untwisted Spinors
Consider the cylindrical quotient space of the Minkowski spacetime, with line element
where x 1 is periodic with period L > 0. In this spacetime, the complete mode solutions to the Dirac field become
where
Alternatively, we may impose anti-periodic boundary condition, ψ(t,
which is known as the twisted spinor field. The Dirac field can now be expanded in terms of the positive and negative frequency modes as
Similarly, the Dirac adjoint field is given by
The field is normalised in such a way that
Analogous to the continuous modes, we find that for the discrete modes the following relations still hold
and
And similarly we find,
and where
iS + , iS − are the fermionic Wightman two-point functions and i∆ + , i∆ − are the bosonic Wightman two-point functions. The subscript x in the Dirac operator is used to emphasize that differentiation is carried out with respect to the x variable only. In the massless limit (m → 0), we find that the two-point correlation function (3) reduces to
Twisted spinor response function for arbitrary detector's motion
In the massless limit, we obtain the following response function for the twisted spinor
Clearly this expression exhibits no infrared divergence.
Oscillator modes response function for untwisted spinor
Consider now the untwisted spinor, whose frequencies are given by
Thus as (m → 0), ω n = 0 when n = 0, leading to ψ(t, x 1 ) → ∞ since the field modes are inversely proportional to ω n as shown in (5). We identify this vanishing frequency mode as the zero mode, which clearly is ill-defined. To deal with this, we split the fermionic fields as
where the oscillator modes, i.e, n = 0, corresponding to ψ osc (t, x 1 ), ψ osc (t, x 1 ) , contains the Fourier modes that are not spatially constant. And the zero mode (n = 0) corresponding to ψ zm (t), ψ zm (t) contains the Fourier modes that are spatially constant. These modes are normalised via the anticommutator relations
where all the anticommutator relations between mixed field modes vanish. These relations are defined in agreement with (10) . The oscillator modes contribution to the Minkowskian vacuum is
where we define iS + n =0 as the oscillator modes fermion Wightman function. Using this result, we then obtain the oscillator mode contribution to the detector response function for the untwisted spinor
which clearly exhibits no infrared divergence.
Zero mode contribution to the response function for the untwisted spinor
The zero mode two-point correlation is spatially independent, and moreover this mode does not begin in a Fock vacuum. It reads
where 0 ≤ θ ≤ 1. Thus, the zero mode two-point correlation function is well defined. Consequently, its contribution to the detector response function reads
whereχ(Ω) is the Fourier transform of χ(τ ). Moreover we find that the two-point correlation function for the untwisted spinor fully decouples to
zm .
Consequently the response function for the untwisted spinor is given by
where the zero mode component is independent of the detector's trajectory.
Conclusion
In this paper, we examined a UDW particle detector that is coupled linearly to the scalar density of a massless Dirac field on the static cylindrical quotient of the (1+1)-dimensional Minkowski spacetime. We showed that the twisted spin structure exhibits no infrared divergence and we obtained its response function for arbitrary detector's motion on the cylinder. We then quantized the zero mode present for the untwisted spin structure by treating it as a state with two Fermi degrees of freedom. We showed that the zero mode contributes to the untwisted spin structure response function by a state-dependent but well defined and controllable amount. Further detail on these results, including applications to specific trajectories and the recovery of Minkowski space results in the limit of large L, will be given in a forthcoming paper.
